Inverses and regularity of band preserving operators  by Abramovich, Y.A & Kitover, A.K
Indag. Mathem., N.S., 13 (2), 143-167 
Inverses and regularity of band preserving operators 
June 17,2002 
by Y.A. Abramovich and A.K. Kitover 
Department of Mathematical Sciences, IUPIJI, Indianapolis, IN 46202, USA 
Department of Mathematics, CCP, Philadelphia, PA 19130, USA 
Communicated by Prof. M.S. Keane at the meeting of April 29,2002 
ABSTRACT 
The following four main results are proved here. Theorem 3.3. For each one-to-one bandpreserving 
operator T: X + X on a vector lattice its inverse T-‘: T(X) + X is also bandpreserving. This answers 
a long standing open question. The situation is quite different if we move from endomorphisms to 
more general operators. Theorem 4.2. For a vector lattice X the following two conditions are equiva- 
lent: i) For each one-to-one bandpreserving operator T: X --t X” from X to its universal completion X” 
the inverse T-’ is also bandpreserving. ii) For euch non-zero x E X and each non-zero band U c {xjdd 
there exists a non-zero semi-component of x in Ii. Theorem 5.1. For a vector lattice X thefollowing two 
conditions are equivalent. i) Each bandpreserving operator T: X + X” is regular. ii) The d-dimension 
of X equals 1. Corollary 5.9. Let X be a vector sublattice of C(K) separating points and containing the 
constants, where K is a compact Hausdorffspace satisfying any one of thefollowing three conditions: K 
is metrizable, or connected, or locally connected. Then each band preserving operator T: X + X is 
regular. 
1. INTRODUCTION 
Let T : X + Y be an injective disjointness preserving operator between vector 
lattices, so the inverse operator T-l: T(X) ---f X exists. The following principal 
question regarding this inverse has been around since the beginning of the 80s: 
Is T-’ also disjointness preserving? 
The question was resolved in the negative by the authors; first just for general 
vector lattices [3], and later in [4] for Dedekind complete vector lattices as well.’ At 
‘Apart from these counterexamples the memoir [4] contains a detailed study of many cases when 
the inverse operator does preserve disjointness. 
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the same time the special case of this very question for band preserving operators 
has remained unresolved. Numerous counterexamples produced in [4] in connec- 
tion with the above general problem initially led us to believe that a similar (but 
perhaps more sophisticated) example might exist for band preserving operators as 
well. However, as we will demonstrate in this work precisely the opposite conclu- 
sion is true. Namely, we show in Theorem 3.3 that for each injective band preser- 
ving operator T: X t X on an arbitrary vector lattice the inverse operator T-' is 
also band preserving. A few comments related to the above theorem are in order. 
The question under consideration was originally posed by the first author in the 
problem section of [13]. C. Huijsmans and A. Wickstead [15] handled the case of 
bijective band preserving operators on vector lattices that either are (r,)-complete 
or have the principal projection property. Later in [4, Theorem 7.41 the result was 
generalized to injective operators and vector lattices with a cofinal family of band- 
projections. And now the question has received a final answer. 
It is crucial that we are considering band preserving operators acting from a 
vector lattice to itself. The moment we allow the target vector lattice to be dif- 
ferent from the domain vector lattice the answer becomes negative and 
Example 4.6 demonstrates this. This example is not an isolated counterexample 
but is a consequence of the complete characterization, obtained in Theorem 4.2, 
of vector lattices X for which every injective band preserving operator T from 
X into its universal extension X” has the band preserving inverse. 
The second main theme of this work is the characterization of regularity of 
band preserving operators. For the first time an unexpected connection be- 
tween the regularity and band preservation was established in [8], where it was 
shown that each band preserving operator on a Banach lattice is necessarily 
regular. Since then a great number of further results were obtained regarding 
the automatic regularity of various classes of disjointness preserving operators 
between various classes of vector lattices. A very dramatic effect of the ex- 
istence of a non-regular band preserving operator on Dedekind cT-complete 
vector lattices was discovered by W. Luxemburg [16] and generalized to (r,)- 
complete vector lattices by P. McPolin and A. Wickstead [17]. The reader is re- 
ferred to [4] for the precise statements and the history. And now we are able to 
give a complete characterization of vector lattices on which each band preser- 
ving operator into their universal completion is regular. This characterization 
is given in Theorem 5.1 asserting that for a vector lattice X each bandpreserving 
operator T: X + X" is regular if and only if the d-dimension of X equals 1. The 
latter notion is introduced in Section 2 and can be considered as a continuation 
of our work in [5] devoted to d-bases. If we ask the same question about the 
regularity of band preserving endomorphisms T: X + A', then the situation 
becomes more complicated. It is well known [8] that if X is a Banach lattice, in 
particular if X = C(K), then each band preserving operator T: X + X is reg- 
ular. Section 5 proceeds with the following closely related problem. Under what 
conditions on a compact Hausdorff space K does there exist a vector sublattice 
X of C(K) which carries a non-regular band preserving operator? Theorem 5.8 
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answers this question by providing a topological characterization of such 
spaces. Some pertinent examples conclude the section. 
2. PRELIMINARIES 
All the terminology and symbols regarding the operators preserving disjoint- 
ness that are not explained throughout the text can be found in [4]. The famil- 
iarity with [4], though desirable, is not necessary for the understanding of this 
work. For a general theory on operators on vector lattices we refer to the 
monograph [9]. All vector lattices here are assumed to be Archimedean and 
over the real field; the generalizations to the complex field are straightforward. 
We write ?ci I x2 to indicate that the elements are disjoint, that is, 
Ix,/ A [x21 = 0. F or each subset A of a vector lattice X we denote by Ad its dis- 
joint complement in X, that is, Ad = {x E X: x I a for each a E A}. As 
usual we consider X embedded canonically in its universal completion X”. 
Whenever, for a subset A c X, we need to take its disjoint complement in X”, 
we will denote this complement by A”, that is, Aa = {x E X”: x I a 
for each a E A}. Obviously Ad C A”. It is well known that Add is the band in X 
generated by the set A & X. Similarly, Aaa is the band generated by A in 1”. 
A system of bands { Ucy} is said to be full in a vector lattice X if the zero vec- 
tor is the only vector in X that is disjoint to each U, or, equivalently, if the ideal 
C, U, is order dense in X. 
Let us recall now the definition of a band preserving operator. 
Definition 2.1. Let L be a linear subspace of a vector lattice Y. A (linear) operator 
T : L ---f Y is called bandpreserving lffor each x1, x2 E L satisfying x1 I x2 in Y 
it.follows that TX, -L x2. 
The proof of the next lemma is trivial and omitted. 
Lemma 2.2. Let X be a vector lattice and X” its universal completion. For an op- 
erator T : X + X” thefollowing conditions are equivalent: 
1) T is band preserving. 
2) For each band U in X 
(t) xlU+TxIU. 
3) For each band U in X we have T(U) G Uaa. 
Lemma 2.3. Let T: X + X” be an injective bandpreserving operatorfrom a vec- 
tor lattice to its universal completion. The inverse T-’ : T(X) -+ X is band pre- 
serving if (and only $) T-’ is disjointnesspreserving. 
Proof. Assume that T-’ is disjointness preserving. We want to show that T-’ is 
band preserving. Take any two disjoint elements yi, y2 in T(X). Since T-’ is 
disjointness preserving, it follows that xi = T-‘>q is disjoint to x2 = T-‘~2. But 
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then (since T is band preserving) we have that Txl I x2, that is, yi 1 T-‘yz. 
This shows that T-’ is band preserving. 0 
The next characterization of regular disjointness preserving operators is basi- 
cally known. For Banach lattices the equivalence of the first three conditions 
was proved by W. Arendt in [lo, Theorem 2.41; to arbitrary vector lattices it was 
generalized in [2, Theorem 3.31 and [14, Proposition 1.21. Moreover, a direct 
inspection of the proof of Theorem 3.3 in [2] reveals that the last of these three 
conditions can be relaxed a bit further by considering the positive elements 
only. 
Theorem 2.4. For a linear operator T: X ---f Y between vector lattices the follow- 
ing four conditions are equivalent. 
1) Tpreserves disjointness and is order bounded. 
2) Tpreserves disjointness and is regular. 
3) T satisfies the monotonicity condition: for each u, v E X with IuI < Iv\ we 
have lTu[ 5 ITvl. 
4) T satisjies the monotonicity condition on the cone: for each u, v E X with 
OIuIvwehavelTul 5 ITvl. 
In the next two definition we introduce the new concept of a d-dimension of a 
vector lattice. 
Definition 2.5. Let X be a vector lattice and n E IN. We say that the d-dimension 
of X is less than or equal to n, in symbols: d-dim (X) 5 n, tffor n + 1 arbitrary 
elements XI, x2, . . . . x,+ 1 E X there exist a full system of pairwise disjoint bands 
{X&A in X anda system of scalars {c,,i: (Y E A; i = 1, . , n + 1) such thatfor 
each a: E A we have 
Definition 2.6. We say that the d-dimension of a vector lattice X equals n E IN, in 
symbols: d-dim(X) = n, if d-dim(X) < n and it is not true that d-dim(X) 5 n - 1. 
The vector lattices of the d-dimension 1 will be of especial interest for us. It 
should be pointed out that these vector lattices are closely related to the essen- 
tially one-dimensional vector lattices introduced in [4]. As a matter of fact it 
can be shown that each one-dimensional vector lattice has the d-dimension 1, 
however we will not need this result. 
The concept of d-dimension is closely related to the notions of d-in- 
dependence and d-basis studied by the authors in [4,5]. For the convinience of 
the reader we reproduce these definitions here. 
Definition 2.7. A system of elements {x7}+. in a vector lattice X is called d-in- 
dependent ijfor every band B in X, for every$nite set of indices (71,. . , T,,} C r, 
and everyfinite set of non-zero scalars { ~1, . . . , c,> thefollowing implication holds: 
146 
If 5 Cj+, -LB, then x,,lB foreachj=1,2 ,,.., n. 
j=l 
Definition 2.8. We say that a d-independent system {e,}, E r in a vector lattice X 
is a d-basis iffor each x E X we canfind a full system {Xi : i E I} ofpairwise dis- 
joint bands in X such that for each i E I there is a finite number of indices 
Yl,..‘, T,, and non-zero scalars ~1, . . , c, (all depending on x and i) such that 
X - 2 cje,, _L Xi. 
j=l 
Each d-basis is a maximal d-independent system; the converse statement is 
true for (at least) vector lattices with the projection property. For these vector 
lattices the definition of a d-basis given above is equivalent to the definition 
in [4]. 
Recall that the lateral completion Xe of a vector lattice X is defined as the 
intersection of all vector sublattices of X” which are laterally complete and 
contain X. It is easy to verify that the following description of Xe is true. An 
element z E X” belongs to Xp if and only if there exists a full system of pairwise 
disjoint bands { Ua} in X” such that P,z E X for each LY, where P, denotes the 
band-projection on XU generated by the band U,. A well known theorem due to 
Veksler and Geyler [20] guarantees that each laterally complete vector lattice 
satisfies the projection property. 
Proposition 2.9. For a vector lattice X thefollowing statements are equivalent. 
(a) X has aJinite d-dimension n. 
(b) Xe has a d-basis consisting of n elements. 
Proof. We begin with two auxiliary statements whose proofs are straightfor- 
ward and omitted. 
1) Let {B, : a: E A} be a collection of bands in X and let B be the band in X 
generated by this collection. If d-dim(&) 5 k for each a’, then d-dim(B) 5 k. 
2) For each band U in X its lateral completion Up can be identified with the 
band in Xe generated by U. 
The validity of the implication (b)+(a) follows from the description of X’ 
given above and from simple linear algebra considerations. 
The implication (a)+(b) is more involved and will be proved by induction on 
n. First let n = 1, that is, let d-dim(X) = 1. Consider in X an arbitrary maximal 
system {xn} of pairwise disjoint positive elements and let e = supa xN, where 
the supremum is calculated in X’. (This supremum exists since Xe is laterally 
complete.) The maximality of the system{x,} implies that e is a weak unit in X’. 
Since d-dim(X) = 1 it follows that the singleton {e} is a d-basis in Xe. 
Assume that the required conclusion has been already proved for all d-di- 
mensions less than n and let us prove it for d-dim(X) = n. 
In view of statement 1) there exists the largest band B in X such that 
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k = d-dim(B) < n - 1. And so by the induction hypothesis there exists a 
d-basis bl , . . . , bk in Be. 
Consider the disjoint complement Bd of the band B in X. The maximality of 
B implies that for each non-zero band U in Bd we have d-dim(U) = n. Using 
Zorn’s lemma we will be able to produce n weak units ui, . , u, in (Bd)! which 
are d-independent, and therefore form a d-basis in (Bd)l. 
Using the found d-bases in B and @ we can easy produce a d-basis in Xp. 
Namely let ei = bi + ut for 1 < i < k and ei = ui for k + 1 < i 2 n. We omit a 
trivial verification that {ei}:, 1 is a d-basis in XL. 0 
We conclude the section with a theorem that singles out a key ingredient for 
many counterexamples in [4]. It will be crucial also for some of the results be- 
low. 
Theorem 2.10. Let W be a laterally complete vector lattice. Then 
1) For each two d-independent elements a, b E W satisfying 0 < a < b there 
exists a band preserving projection P on W such that Pa = a and Pb = 0. (In 
particular, P is not a band-projection). 
2) If Z is a laterally complete component-wise closed vector sublattice of W, 
and Z is not a band in W then there exists a bandpreservingprojection Pfiom W 
onto Z such that P is not a band-projection. 
Proof. To prove the first statement let V be a laterally complete component- 
wise closed vector sublattice of W generated by b. By Theorem 3.2 in [5] there 
exists a unique band preserving projection P such that ker(P) = V. Moreover, 
as it follows from the proof of Theorem 3.2 in [5] each element which is d-in- 
dependent of b belongs to the range of P. In particular, a belongs to the range of 
P, and so Pa = a as claimed. 
The second statement follows immediately from Proposition 3.1 and Theo- 
rem 3.2 in [5]. 0 
3. BAND PRESERVING ENDOMORPHISMS 
This section contains our first main result asserting that the inverse of an ar- 
bitrary band preserving endomorphism is necessarily band preserving. We be- 
gin with two simple technical lemmas, the first of which most likely must be 
known. 
Lemma 3.1. Let K be a compact Hausdorffspace and X be a vector sublattice of 
C(K) containing the constants and separating the points of K. If E is a clopen 
subset of K, then for each x E X the function xxE also belongs to X, where XE de- 
notes the characteristic function of E. 
Proof. First of all let us prove that the function XE belongs to X. Indeed, since 
X is norm dense in C(K), there exists a function y E X+ such that 
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Ily - ~~11~ < E, where 0 < E < i. This means that y(t) > 1 - E for each t E E 
and y(t) < E for each t$E. Consider the function e = (y - cl)+. Then e E X and 
clearly e(t) > 1 - 2~ for each t E E and e(t) = 0 for each t $ E. Notice now that 
XE = & e A 1. This proves that XE E X. 
Next consider an arbitrary function x E X+. Without loss of generality we 
can assume that x 5 1 and hence, obviously, xXE = x A XE E X. It is obvious 
now that the desired conclusion XXE E X is true for each x E X. 0 
As always we denote by cl A the closure of a subset A of K and by supp(f) the 
support set of a functionf E C(K), that is, supp(f) = cl {t E K: If(t)1 # 0). 
Lemma 3.2. Let T: X -+ X” be an injective bandpreserving operator from a vec- 
tor lattice to its universal completion. If T-l: T(X) + X is not bandpreserving, 
then we can find two elements u and v in X such that 0 < v < u and v I Tu. 
Proof. Since T-’ is not band preserving, we can find an element y in T(X) such 
that T-‘y$ {Y}~~. This implies, in particular, that the band B = { Y}~ is non- 
trivial and hence B n X is a non-trivial band in X. Then for each 0 < x’ E B 17 X 
we have x’ I y. 
Finally, let u = ITPly and take any v E B n X such that 0 < v < U. (Such a v 
necessarily exists since B n X is cofinal in B, and T-‘y (and hence u = I T-‘yl) is 
not disjoint from B f? X.) As noted above, v I y. Since T is band preserving, we 
know that ITul = Iyl, and hence v I Tu. That is, the elements v and u are as re- 
quired. 0 
The following terminology will be convenient for our presentation. We say that 
two element x,y of a vector lattice X are equivalent on a band B in X, if there 
are positive scalars c and d such that (1x1 - +I)+ I B and (1~1 - dlxl)+ I B. We 
will denote this by writing x L y. 
Theorem 3.3. Let T : X + X be an injective band preserving operator on an ar- 
bitrary vector lattice. Then the inverse operator TP’: T(X) + X is also bandpre- 
serving. 
Proof. We will divide our proof in several steps. 
(I) Assume, contrary to our claim, that T-’ is not band preserving. Then, by 
the previous lemma, there are two non-zero elements u, v E X+ such that 
(1) vsu and Tulv. 
(II) Since T is an injective band preserving operator, we have 0 # TV E {v}~~, 
and so we can find a non-zero band B in X such that B C { Tv}~~ and 
(2) u&A TV. 
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(III) Fix a non-zero element w in B such that 0 < w 5 v, and consider the 
principal ideal X(z) in X generated by the element z = u + ]Tu]+ [TV] + ]Tw]. 
By the Krein-Kakutani theorem there is a (unique up to homeomorphism) 
compact Hausdorff space K such that X(z) is order isomorphic to a vector 
sublattice of C(K) containing the constant functions and separating the points 
of K. We will identify X(z) with its image in C(K), and so the elements of X(z) 
will be treated as continuous functions on K. Moreover, the representation of 
X(z) in C(K) can be chosen in such a way that the element z is identified with 
the constant function 1 on K. 
(IV) Clearly, the set B f~ X(z) is a band in X(z). The bands in C(K) and X(z) 
are the same, and so from the description of bands in C(K) it follows that there 
exists a canonically (regularly) open subset 0 of K corresponding to this band, 
i.e., 
x E B n X(Z) w SUPP (x) c cl 0. 
This certainly implies that Tu E 0 on cl 0, because Tu I v and B G {v}~~. 
(V) Since supp ( Tw) C supp (w) & cl 0, the continuity of the functions w and 
Tw implies immediately that for each p E 130, the boundary of 0, we necessa- 
rily have w(p) = 0 and Z’w(p) = 0. Also, as said in the preceding step, we have 
Tu(p) = 0. 
Notice now that for each such point p E 80 we necessarily have u(p) # 0. 
Indeed, if we had U(J) = 0, then in view of (2) we would have v(p) = TV(~) = 0, 
and so z(p) = u(p) + I Tul (p) + I Tvl(p) + I Twl(p) = 0 contrary to our hypo- 
thesis. 
(VI) For any E E [0, l] consider the function v’ = v + EW E X(z). Next for 
each real X let Ox = (1 E 0 : v’(t) > Au(t)} and 0~ = {t E 0 : v’(t) < Au(t)}. 
We claim that if a point 10 E cl Ox n cl OX, then (Tv’)(to) = 0. Indeed, since the 
functions (v’ - Xu)+ and v’ - Xu coincide on the open set Ox, it follows that 
their images under T also coincide on this set, and so, on Ox, we have 
T(v’ - Au)+ = T(v’ - Au) = TV’ - XTu = TV’, 
as Tu = 0 on Ox. This implies immediately that (T( v’ - Au)‘)(to) = (Tv’)( to). 
Similarly, on the set OX, we have T(v’ - Au)- = T(Xu - v’) = -TV’ and 
therefore (T(v’ - Au)-)(to) = -(TV’)(Q). 
However, the functions (v’ - Xu)+ and (v’ - Xu)) are disjoint, and so the 
functions T(v’ - Au)+ and T(v’ - Au)- must be disjoint too. This guarantees 
that (Tv’)(to) = 0. 
(VII) Let the above parameter E = 0, so that Ox = {t E 0 : v(t) > Au(t)} 
and 0~ = {t E 0 : v(t) < Au(t)}. We claim that for each X 
(3) clOAnclO~=lZI 
and 
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(4) cl ox u cl ox = cl 0. 
To prove (3), assume contrary to our claim, that there is a point 
to E cl Ox n cl Ox. As shown in the previous step we have (Tv)(to) = 0. Since 
u +! v E TV, the equality (Tv)( to) = 0 implies at once that u(to) = 0 and 
v(t0) = 0. Consequently, z(to) = ITwl(lo). 
To get a desirable contradiction we will show now that z(to) = 0 contrary to 
our assumption that z(to) = 1. To this end recall that 0 < w < v and that w be- 
longs to the band B on which TV is equivalent to v. Consequently, for each po- 
sitive scalar y that is large enough we have the identity w = w A yI Tv(. Because 
Tu I w, we have also 
w = w A ylTv - XTul = w A rlT((v - Au)+)1 + w A ylT((v - Xu)_)l. 
This proves that w is the sum of two disjoint functions wi = w A yI T( (v - Au),) I 
and w2 = w A ~[T((v - Au)_)1 w h ose supports lie in cl Ox and cl OX, re- 
spectively. Since T is band preserving it follows that supp(Twl) & cl Ox 
and supp( Twz) g cl 0~ and so, in particular, Tw = Twl @ Tw2. Since 
CO E cl Ox n cl OX, we can conclude that (Twl)( to) = (Tw2)( to) = 0. This implies 
that (Tw)(to) = 0, whence z(to) = 0, a contradiction with z(to) = 1. 
To prove (4) assume, contrary to our claim, that (4) is wrong. Then the set 
G = 0 \ (cl Ox U cl OX) would be a non-empty open subset of 0, and on this 
subset the functions v and XU coincide. Therefore, the functions TV and XTu 
must also coincide on G, contradicting our assumptions that the function I Tvl is 
strictly positive on 0 and Tu = 0 on G. 
(VIII) It follows immediately from the previous step that if E is a connected 
subset of ~10, then there is a scalar Q such that v 3 cm on E. 
(IX) Consider the function v’ = v + w. We claim that this function also sa- 
tisfies the conclusion of the previous step, that is, for any connected subset E of 
cl 0 there is a scalar /3 such that v’ E ,8u on E. Assume that our claim is false. 
Then there are a point to E E, and a scalar y such that 
to E clEYnclE,, 
where 
and 
El = {s E E : v’(s) < y(s)}. 
Ey = {.s E E : v’(s) > -p(s)) 
Obviously E, c cl 0, = {s E 0 : v’(s) < y(s)} and EY C cl Oy, and hence 
our Step VI guarantees that (TV’) (to) = 0. 
Recall that by Step VIII there is a scalar (Y such that v = CLU on E and so the 
function w satisfies the following estimates: 
(5) w < (y - a)u on E7 and w > (y - a)~ on Ey 
Consider finally the function v” = v + w/2. The estimates (5) imply that 
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v”(s) < au(s) for s E E1 and v”(s) > Su(s) for s E EY, 
where 6 = (y + cr)/2. And so, again by Step VI, we have (Tv”)(to) = 0. From 
(TV’) (to) = (Tv”)(to) = 0 it follows immediately that (TV) (to) = 0 and 
(Tw)(ts) = 0. The former equality implies that u(ts) = v(to) = 0, and therefore 
z(to) = 0, a contradiction. 
(X) If E is a clopen subset of K, and E C 0, then E = 0. 
To prove this recall that from Lemma 3.1 we know that the function UXE be- 
longs to X(z). Since the functions u and UXE coincide on E and since T is band 
preserving it follows that the functions Tu and T(UXE) also coincide on E. At 
the same time T(UXE) # 0 as T is one-to-one and supp (T(uxE)) C E as T is 
band preserving. This contradicts our assumption that Tu = 0 on 0. 
(XI) For any point t E 0 we denote by E(t) the component of connectedness 
of t in cl 0. Since cl 0 is compact, it is well known that E(t) coincides with the 
intersection of all clopen subsets of cl 0 containing t. We claim that for each 
point t 6 0 
E(t) s? 0. 
Assume to the contrary that for some t E 0 the set E(t) C 0. Since E(t) coin- 
cides with the intersection of all clopen subsets of cl 0 containing t and since 0 
is open, it would follow that 0 includes a non-empty clopen subset E of K. This 
is impossible by Step X. 
(XII) Fix any point t E 0 such that both v and w are positive at it, and con- 
sider the component of connectedness E = E(t) of t in cl 0. By Step X, there 
exists a point p E E n 80. From Step V we know that w(p) = 0 and u(p) # 0. 
Consider the function v’ = v + w. By Steps VIII and IX there are scalars o 
and /3 such that v = cru on E and v’ - Pu on E. In particular, we have 
v(t) = cm(t), (v + w)(t) = ,Bu(t), and v(p) = au(p), (v + w)(p) = @.d$). Since 
w(p) = 0 and u(p) + 0, the latter pair of equations implies that o = p. But this 
contradicts the former pair since w(t) # 0. The proof is complete. 0 
A special case of this theorem for vector lattices with a strong unit can be also 
found in [7]. 
4. BAND PRESERVING OPERATORS INTO THE UNIVERSAL COMPLETION 
In this section we will consider the band preserving operators acting from a 
vector lattice X into its universal completion X”. In other words, we do not 
require any longer that the range space coincide with the domain. As said ear- 
lier, in this case the inverse of an injective band preserving operator can fail to 
be band preserving. Our next goal is to obtain a complete characterization of 
vector lattices for which such a violation of disjointness preservation cannot 
happen. The answer will be given in terms of semi-components that were in- 
troduced by the authors in [5]. 
Definition 4.1. Let .x be a non-zero element in a vector lattice X. An element z E X 
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is caIied a s~rn~-c~rn~~~ent of x if there is a full in X system of pairwise disjoint 
bands { U, : y E I’} and a corresponding system of scalars { cy : y E I’} suck that 
c-,x - z _L U, for each y E lY 
The class of vector lattices in which every non-zero element has a non-zero 
semi-component is very large. It includes all vector lattices with the principal 
projection property, in particular, all Dedekind complete vector lattices. 
Theorem 4.2. For a vector lattice X thefol~owing three statements are equivalent. 
(a) For any non-zero x E X and for any non-zero band U C_ {x}dd there is a 
non-zero semi-component z qf x such that z E U. 
(a’) For any non-zero x E X and for any non-zero principal band U C {x}dd 
there is a non-zero semi-component z ofx such that z E U. 
(b) For each injective band preserving operator T : X --+ X” its inverse T-’ is 
also bandpreserving. 
Proof. The implication (a) + (a’) is obvious. Let us prove (d) =F (b). Assume 
contrary to our claim that T-’ is not band preserving. Using Lemma 3.2, it is 
easy to see then that there is a non-zero element x E X and a non-zero principal 
band U c {x}dd such that Tk I U. By the hypothesis there exists a non-zero 
semi-component zof x in U. And so, according to Definition 4.1, there are a full 
in X system of pairwise disjoint bands {U,}, and a system of scalars {c?} such 
that z - crx I U, for each y E r. Since T is band preserving it follows that 
Tz-c,Txi U, and T.ZE U. 
This and the fact that TX _L U imply that 
Tzl U, foreachyEr. 
Recalling that the system { Vy} is full in X we can conclude that Tz = 0. This 
contradicts the assumption that T is injective. 
(b) =+ (a) Assume contrary to our claim that there exist a non-zero element 
x E X and a non-zero band U C {x}dd such that x does not have a non-zero 
semi-component in U. 
We denote by C”(x) the collection of all components of the element x in the 
vector lattice X’, and by PU the band-projection from X” onto the band gen- 
erated by U in X”, that is, onto U aa. Also let Z be the laterally complete vector 
sublattice of X” generated by C”(x). 
In view of Theorem 2.10(2) we can produce a projection P on X” with the 
following properties: 
i) P is band preserving. 
ii) P is not a band-projection. 
iii) The range of P is Z. 
Consider next the operator S = I - PP” : X” -+ X” and let T: X -+ X” be 
the restriction of S to X. 
It is obvious that T is band preserving. Next we claim that T is an injection. 
Indeed, assume that Tz = 0 for some 0 # z E X. In particular, z = PPu(z). Let 
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us show first that z E U. By the definition of the band-projection Pu we have 
PU(Z) E u aa and so PPo(z) E Uaa since P is band preserving. Therefore 
z = PPu(z) E Uaa n X = U. Hence z = Pz. This means that z E Z and so, in 
view of the description of Z preceding Proposition 2.9, the element z can be 
represented as a d-expansion of the elements from C”(x). This implies obviously 
that z is a semi-component of x. As z E U this contradicts our assumption that 
x has no non-zero semi-component in U. 
Finally, we will verify that the operator T-’ cannot be band preserving. To 
this end first show that TX _L U. Indeed, Pa(x) E C”(x) C Z and so 
PPu(x) = Pa(x). Consequently TX = x - PPo(x) = x - Pu(x) and this ele- 
ment is, of course, disjoint to U. 
Take any non-zero element u E U. As P is band preserving, Pu E Uaa. And 
so we have Tu = u - PPo(u) = u - Pu E Uaa. In particular, it follows that 
Tu I TX. In other words, we have two elements u and x in X which are not 
disjoint but whose images Tu and TX are disjoint. This proves that T-’ is not 
band preserving, a contradiction to our hypothesis. The proof is complete. 0 
Recall [4, Section 121 that a continuous function f on a compact Hausdorff 
space K is said to be essentially constant if the set 
{k E K: f is constant in a neighborhood of k) 
is dense in K. The collection of all essentially constant functions is denoted by 
EC(K) and it is a vector sublattice and a subalgebra of C(K). 
Corollary 4.3. Let K be a compact HausdorfSspace such that EC(K) is norm 
dense in C(K), and let X be a vector sublattice of C(K) such that EC(K) C X and 
X EC(K) C X. (In particular this is so if X = EC(K).) Then for each injective 
bandpreserving operator T : X --f X” the inverse T-’ is also bandpreserving. 
Proof. Notice that for each f E EC(K) and for each x E X the product f,x is a 
semi-component of x and, by our assumptions, this semi-component fx belongs 
to X. Now we can apply Theorem 4.2(a). 0 
Remark 4.4. The conditions on K which guarantee that EC(K) is norm dense 
in C(K) have been studied by many authors (see [ll], [12, Theorem 0.11 
and [19]). For instance, this is so in the following two important cases: 
1. K is locally connected. 
2. Any system of pairwise disjoint non-empty open subsets of K has cardin- 
ality less than 2N~. In particular, this is so if K is metrizable. 
Corollary 4.5. Let X be an (r,)-complete vector lattice such that any family of 
pairwise disjoint non-zero elements in X has cardinality less than 2”o. Thenfor any 
injective bandpreserving operator T: X + X” its inverse is also bandpreserving. 
Proof. Assume first that X has a strong unit. Then, being (r,)-complete, X can 
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be represented as C(K) for an appropriate compact Hausdorff space K. The 
cardinality hypothesis on X implies that K satisfies condition 2) of Remark 4.4 
and so Corollary 4.3 applies. 
The general case can be easily reduced to the previous one. Indeed, assume 
contrary to our claim that T-l: X” + X is not band preserving and hence, by 
Lemma 2.3, the operator T-’ is not disjointness preserving. Therefore we can 
find U, v E X such that (u( A Iv] # 0 and TM I TV. Let J be the principal ideal in 
X generated by ]u] + Iv]. B ecause J” is a band in _X” and T is band preserving we 
see that the injective operator T(J : J -+ J” is also band preserving but its in- 
verse is not band preserving in contradiction to the first part of the proof. 0 
We proceed with some examples of vector lattices which do not satisfy the 
(equivalent) conditions of Theorem 4.2 and for which consequently there exists 
an injective band preserving operator T: X ---t X” whose inverse is not band 
preserving. 
Let us denote by PL[O, 1] the collection of all (equivalence classes) of piece- 
wise linear functions having a finite number of links on the interval [0, 11, that 
is, for each x E PL[O, l] there is a finite partition 
(*) 0 = to < t1 < . . < t, = 1 
of [0, 11, depending on x, such that the restriction of x to each interval (t;, ti+l), 
0 5 i 5 n - 1, is a linear function, that is, there are scalars a;, bi such that 
(**) x(t) = ait + bi for each t E (ti, ti+l) . 
Two functions in PL[O, l] are identified if they coincide off a finite subset of 
points. In view of this, the values of each function at the points of its partition 
are irrelevant. With the usual linear operations and pointwise ordering PL[O, l] 
is a vector lattice. It is useful to note for further references that for any 
x E PL[O, l] and for any fixed point in [0, l] we can always assume that this 
point belongs to the partition corresponding to x. 
Similarly let CPL[O, l] be the space of all continuous piecewise linear func- 
tions. Obviously CPL[O, I] is a vector lattice that can be viewed as a vector 
sublattice of PL[O, 11. 
It is worthwhile to note that there exists a nice equivalent description of the 
vector lattice PL[O, l] that does not require classes of equivalence and uses 
genuine functions. To this end we denote by C,PL[O, l] (resp. CyPLIO, 11) the 
collection of all continuous from the right (resp. left) piecewise linear functions 
having a finite number of links on the interval [0, 11. Clearly, under pointwise 
liner operations and order both C,PL[O, 11 and CpPL[O, l] are vector lattices 
containing CPL[O, l] as a vector sublattice. Moreover, it is easy to see that each 
of the vector lattices C,PL[O, l] and CpPL[O, l] is order isomorphic (under an 
obvious isomorphism) to PL[O, 11. Subject to these isomorphisms we can iden- 
tify PL[O, l] with C,PL[O, l] or C!PL[O, 11. 
Example 4.6. Consider X = CPL[O, 11. It is easy to see that thefinction 1 belongs 
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to X and does not have a non-zero semi-component in any proper band in X. 
Therefore Theorem 4.2 guarantees the existence of a required band preserving 
operator T: X + X” whose inverse T-’ is not bandpreserving. 
The existence of a required operator in the above example follows from 
Theorem 4.2 without an explicit definition of such an operator. However, by 
doing some extra work, we can produce explicitly a “bad1 operator with even 
more surprising properties. 
Example 4.7. Let X = CPL[O, l] and Y = PL[O, 11. Ifx E X and [t,, t;+l] are the 
intervals on which the function x is linear (see (*A)), then let 
if t E [0, l/2), 
if t E (t;, ti+l) fl [l/2,1). 
It is easy to see that T maps X into Y and is a well dejined linear operator. We 
claim that 
a) T is a bandpreserving operator. 
b) T is one-to-one. 
c) T(X) is a vector sublattice of Y. 
d) The inverse operator T-’ does not preserve disjointness. 
e) The inverse operator T-’ is positive. 
Proof. Indeed, part (a) follows immediately from the observation that if x E X 
and x E 0 on an open interval (a, b) c [0, I], then TX E 0 on (a, 6). 
To prove (b) let us assume that x E X and TX = 0. Then it follows from the 
definition of T that x -_ 0 on [0,1/2], and that off a finite subset of (l/2, l] the 
function x is locally constant on (l/2, I]. Being continuous, x must be identi- 
cally equal to 0. 
To verify (c) we will show that for any x E X the function 1 TX] also belongs to 
T(X). Fix x E X and let [ti, ti+l] be the intervals of the partition on which the 
function x is linear, that is, x(t) = ait + bi for t E [ti, ti+l]. Without 10~s of gen- 
erality we can assume that the point l/2 belongs to the partition (*). Conse- 
quently, from the definition of T it follows that 
lW(t) = { l;ly if t E [O: l/2), if t E (ti, ti+l) n [l/2,1). 
We claim that there exists an element z E X such that Tz = ITxl. Consider a 
function 
z(t) = lx(t) I if t E [0, l/2), 
]ai]t + di if t E [ti, tj+l] & ti 2 l/2, 
where dj are some constants. It is obvious that these constants can be chosen in 
such a way that the resulting piecewise linear function z will be continuous on 
[0, l] and thus z E X. By the definition of the operator T we have 
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C Ix(t) I ZXt) = la$ if t E [0,1/2), if t E (ti, ti+l) n [l/&l), 
that is, Tz = 1 TX\. 
To verify (d), consider functions xi = X[~,JI and x2 = (2t - l)x[i,2,~1 in X. 
Then ~1 = TXI = X~OJ/ZI and ~2 = Tx2 = 2txpp,1]. We see that yi I y2 though 
xi J x2, and hence T-’ does not preserve disjointness. Finally, the validity of 
(e) follows immediately from the definition of the operator T, and our claim is 
proved. 0 
Remark 4.8 . 1) It is obvious that the universal completion X” of X and the 
universal completion YU of Y are canonically order isomorphic and can be 
identified. Since T(X) is a vector sublattice of Y, it follows that the vector lat- 
tice T(X) is order isomorphic to a vector sublattice of XU and, moreover, its 
universal completion (T(X)) ” is also order isomorphic to X”. Therefore we 
have an example of a band preserving bijection between two vector sublattices 
of a universally complete vector lattice such that the inverse operator is positive 
but does not preserve disjointness. 
2) Clearly A-dim (X) = d-dim (T(X)) = 2. 
3) The vector lattice X is contained in C[O, l] with the preservation of 
bounds, i.e., for any family of elements in X their infimum in X (if exists) co- 
incides with their infimum calculated in C[O, 11. Such vector sublattices are of- 
ten referred to as Nakano subspaces of C[O, I]. The existence of the above- 
constructed bijection on a Nakano subspace of C[O, l] demonstrates also that 
Theorem 5.5 in [6] is not correct as stated. The authors plan return to this result 
in a separate publication. 
5. REGULARITY OF BAND PRESERVING OPERATORS 
This section starts with a complete characterization of vector lattices X for 
which each band preserving operator T: X -+ X” is regular. Close relationships 
between the band preserving operators and regularity have been known already 
for quite some time. A serious look at this problem was initiated by 
A. Wickstead who asked whether there existed a non-regular band preserving 
operator on a Dedekind complete vector lattice. The first such example was 
produced in [8]. At the same time it was shown in [8] that each band preserving 
operator on an arbitrary Banach lattice is regular. Many more cases of an au- 
tomatic regularity of band preserving operators on various classes of vector 
lattices can be found in [4]. However, it remained unclear if it was possible to 
characterize internally the vector lattices having this property. Theorem 5.1 
presents such a characterization for band preserving operators from a vector 
lattice X to its universal completion X” given in terms of the d-dimension2 that 
2For Dedekind complete vector lattices this notion coincides with that of the d-basis introduced in 
[8] and studied in [4]; for general vector lattices the situation is much more complicated and is not 
yet completely clear. 
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is introduced in Definition 2.6. The rest of the section is devoted to the same 
problem but applied to band preserving endomorphisms on vector sublattices 
of C(K) spaces. In Theorem 5.8 we obtain a topological characterization of 
compact spaces K for which C(K) has a vector sublattice carrying a non-reg- 
ular band preserving operator. We conclude the section with some pertinent 
examples. 
Theorem 5.1. Let X be a vector lattice. Thefollowing conditions are equivalent. 
(a) Every bandpreserving operatorfrom X to XU is regular. 
(a’) Every injective bandpreserving operatorfrom X to X” is regular. 
(b) d-dim (X) = 1. 
Proof. The implication (a) + (a’) are trivial. 
(a’) + (b). Assume, contrary to our claim, that d-dim(X) > 1. Then it is 
straightforward to verify that we can find two elements U, v E X and a band Bin 
Xe such that 0 < u < v, the elements Peu, PEV are d-independent weak units in 
B, and PBV < 2P~u, where PB denotes the band-projection of Xe onto B. On the 
laterally complete vector lattice B, by Theorem 2.10(l), there exists a band pre- 
serving projection P such that P(PBu) = PSU and P(Pev) = 0. 
Consider now the operator T = I + PsP: X’ + Xe. We claim that T is a 
band preserving bijection. Indeed, T is band preserving since both operators P 
and PB are band preserving. Moreover, since P and PB are commuting projec- 
tions, it follows that their product PEP is also a projection and therefore the 
operator T is a bijection (The inverse of T is I - i PBP.) 
Consequently, the restriction TI X: X + Xe is an injective band preserving 
operator. If we show now that TIX is not regular, then this will contradict our 
hypothesis (a’). To this end it suffices to check (see Theorem 2.4) that TIX is not 
monotone. To see this consider the elements u and v in X. On the one hand 
0 5 u < v, and on the other hand we have Tu = u + PPs(u) = u + P(PBu) = 
u + PBU and TV = v + PPB(v) = u + P(Psv) = v + 0 = v. Obviously it is not 
true that 1Tul 5 IT v since P~lTul = PS(U + PSU) = 2P~u, PslTvl = PBV and by 1 
our assumption PSV < 2P~u. 
(b) + (a) Assume that T: X -+ X” is a band preserving operator. It is enough 
to prove (again by Theorem 2.4) that T is monotone, that is, 
1x1 i IYI =+ ITA I ITyl. 
Fix any x, y E X such that 1x1 5 lyl. Because d-dim(X) = 1 we can find a full 
system of pairwise disjoint bands { Xa}A in X and scalars {co} such that 
Ic,I > 1 and (y - c,x) I X, f or each Q E A. Since T is band preserving, it fol- 
lows that (Ty - caTx) I X,. This implies immediately that ITxl I ITyl. 0 
Theorem 5.1 combined with Theorem 4.2 implies immediately the following. 
Corollary 5.2. Let X be an arbitrary vector lattice with a cof;nalfamily of band- 
projections (in particular, X is Dedekind complete) and let d-dim(X) > 1. Then 
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there exists an injective band preserving operator T : X + X” such that T-’ is 
bandpreserving but T is not regular. 
Remark 5.3. It follows from Theorem 5.1 and from [8] that if d-dim(X) = 1, 
then every band preserving injection T : X --f X” admits a multiplicative re- 
presentation. Therefore if, additionally, T maps X to X, then there is a full 
system of pairwise disjoint bands { Xn},tA in X and a corresponding system of 
non-zero scalars {c,},~~ such that (cJ - T)Xn = 0 for each (Y E A. 
As we have already mentioned each band preserving operator acting on a 
Banach lattice is automatically regular. In particular, each band preserving 
operator T: C(K) + C(K) is regular, where K denotes as usual a compact 
Hausdorff space. However, for band preserving operators on vector sublattices 
of a C(K)-space the situation is much more complicated. To be more precise we 
are talking here about the following problem: to describe compact Hausdorff 
spaces Kfor which there exists a vector sublattice X of C(K) carrying a non-reg- 
ular band preserving operator. To address this problem we need to introduce 
some terminology. 
Definition 5.4. If K is a compact Hausdorffspace, then the symbol X(K) denotes 
the collection of all vector sublattices of C(K) containing the constants and se- 
parating thepoints of K. 
It is easy to see that an equivalent description of the class X(K) is as follows: 
a vector lattice X belongs to X(K) if and only if X has a strong unit and the Krein- 
Kakutani compact space of X is homeomorphic to K. 
Recall that by Theorem 2.4(4) an operator T on a vector lattice is regular if T 
is monotone on the cone, that is, 0 I u < v implies that ITul 2 ITvl. For opera- 
tors on vector sublattices in X(K) this result can be slightly improved. We will 
need this later on. 
Lemma 5.5. Let X E X(K), where K is a compact Hausdorffspace. For an op- 
erator T: X + X the following two conditions are equivalent. 
1. For each u, v E X satisfying 0 < u < v we have (Tul 5 ITvJ. 
2. For each x E X satisfying 0 5 x 5 1 we have I TX\ 5 1 Tl(. 
Proof. Only the implication (2) + (1) . is non-trivial. Assume that (1) does not 
hold. Then we can find a pair u, v E X satisfying 0 5 u I v and a point t E K 
such that I& > IpI, where (Y = (Tu)(t) and p = (TV)(~). By scaling we can as- 
sume that v 2 1. 
Let for definiteness y = (Tl)(t) 2 0. We will bring the inequality ICY > Ipi to 
a contradiction. First of all let us show that cy > 0 and /3 > 0. Indeed if, say, 
(Y < 0, then consider x = 1 - u. Certainly 0 < x 5 1 and in view of (2) we 
should have I Txl < I Tll. However, 
[TX(t)1 = ITl(t) - Tu(t)( = y - cy > y = ITl(t)l, 
a contradiction. Similarly, if p < 0, then we should consider x = 1 - v. 
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So cy > 0 and ,l3 > 0 and by our assumption o > p. Consider now 
x = 1 + u - v. Obviously 0 < x < 1 and so, again by (2) we should have 
1 TAT < 1 Tl I. However, 
]Tx(t)] = ITl(t) + Tu(t) - Tv(t)I = Iy + cy -pi = y + cy - p > y = Tl(t) > 
a contradiction. q 
Definition 5.6. Let A be a perfect subset of [O, I] with inf A = 0 and sup A = 1. 
We say that a compact HausdorfSspace K contains a (clopen zero-dimensional) 
resolution of A if there exists a family {E,: CI E A} of clopen zero-dimensional 
subsets of K satisfying the following properties. 
(a) EO = Izr and E, # @for cx E A \ { 0). 
(b) Let (~1, a2 E A and al < ~2. ~(CYI, ~2) n A # a, then E,, s E,,. 
Otherwise E,, = Eaz. 
(c) ForeachaEA\{O,l} 
c$__E+c(( U (El\%) =a. 
J > 0 
(d) For each a E A \ (0) the set A, = E, \ U ED is nowhere dense in K. 
;i < (1 
(e) For each cy E A \ { 1) the set B,, = ( n E/j) \ E, is nowhere dense in K. 
,i>n 
It is convenient also to let A0 = BI = a. Some properties of the elements of 
the resolution are collected in the next lemma. 
Lemma 5.7. The collections {A,} and {B,} satisfy thefollowingproperties: 
1. A, u B, # 0 for each a E A. 
2. A, IY B, = Ofor each a E A. 
3. Ifcu, p E A and E, # Eo. then (A, U B,) fl (Ag U Bo) = 0. 
4. E, = U (A, u&J. 
CtEA 
Proof. Property 1 follows from a routine compactness argument. Properties 2 
and 3 follow immediately from (c) in Definition 5.6. To prove 4 let us take t E El 
and consider y = inf{cr E A : t E E,,}. If y = 0, then t E Bo; if y = 1 then 
t E Al; and if y E A \ (0, 1) then either t E ET, in which case t E A,, or 
tEB,. 0 
The existence of an appropriate resolution in K is necessary and sufficient to 
the existence of a “bad” vector lattice X in X(K). 
Theorem 5.8. For a compact Hausdorflspace K the following four statements are 
equivalent. 
1. K contains a clopen zero-dimensional resolution of [0, 11. 
2. K contains a clopen zero-dimensional resolution of some perfect subset A of 
[O, I] with min A = 0 and max A = 1. 
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3. There exists a vector lattice X E X(K) that carries a non-regular bandpre- 
serving projection P: X + X. 
4. There exists a vector lattice X E X(K) that carries a non-regular bandpre- 
serving operator T: X + X. 
Proof. The implication (1) 3 (2) is trivial. To prove the implication (2) + (3) 
let {E,: o. E A} be a clopen zero-dimensional resolution of A in K, where A is 
a perfect subset of [0, l] with inf A = 0 and sup A = 1. 
Consider the following functionf: K + A & [0, 11: 
f (9 = { :, 
if t E K\El 
if tEA,UB,, SEA. 
This function is well defined in view of Lemma 5.7. To see thatf is continuous 
notice that for each cy E A the identities 
{tEK:f(t)<a}=( U Ea)u(K\E) 1 and{tEK:f(t)>a}=lJ (EI\Bo) 
.i<o ‘i>0 
hold and so the sets {t E K : f(t) < a} and {t E K : f(t) > a} are open in K. 
Let 
Y = {(al + bf)xE: a, b E R and E is a clopen subset of El} 
Condition (b) of Definition 5.6 implies easily that Y is a vector sublattice of 
C(K) (in fact of C(E1)). B ecause the set El is zero-dimensional, Y separates the 
points of El. 
Let now X = Y @ C(K \ El). Clearly X is a vector sublattice of C(K), it 
contains the constants and separates the points of K. Therefore X E X(K). 
Consider an operator P : X + X defined as follows: 
a, if t E El and x=al+bf in a clopen neighborhood of t 
(px)(r)={ x(t), if t E K \ El . 
The functions 1 and f are d-independent in view of Definition 5.6 (c), and 
therefore the operator P is well defined. Clearly P is a band preserving projec- 
tion on X and P is not regular since it fails the monotonicity criterion.3 
The implication (3) + (4) is trivial. 
(4) + (2). Assume that there exists a non-regular band preserving operator 
T: X + X. Since T is not regular Lemma 5.5 guarantees that there is an ele- 
ment x E X, 0 5 x < 1 and an open subset 0 of K such that ( Tx( t) 1 > 1 Tl( t)) for 
t E cl 0. Because T is band preserving the function x cannot be constant on any 
open non-empty subset E of 0. Indeed, if x(t) = c on E, then 0 I c < 1 and 
x - cl s 0 on E, whence TX(t) z cTl(t) on E in contradiction to 
( Tx( t) ( > 1 Tl (t) 1 for t E cl 0. Therefore the image A = x(cl0) is a closed subset 
31t is worth noticing that P is a bijection of X onto P(X), and that P(X) is a vector sublattice of X 
containing the constants and separating the points of K, whence P(X) E X(K). 
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of [w without isolated points. That is, A is a perfect subset of [u,b], where 
a=infAandb=supAandO<a. 
Without loss of generality we can assume that a = 0 and b = 1. Indeed, if 
b < 1 we can replace x by ix, so let b = 1. If a > 0 consider the element 
x’= (x-al)/(l -a).Clearly ~~‘x’(c)~ > ITl(t)]oncZOandwecanreplacexby 
x’. 
For each point cr E A let 
0, = {t E 0 : x(t)Cy} 
We claim that 
cl o,, n cl 0” = 0. 
Indeed, assume that there exists a point s E cl 0, n cl O* and consider the 
function z = x - al. Then z+(t) 3 0 on O,, whence Tz+(t) E 0 on 0, and so 
Tz+(s) = 0. Similarly z_(t) E 0 on O”, whence Tz_(t) E 0 on 0” and so 
Tz_(s) = 0. Therefore Tz(s) = TX(S) - oTl(s) = 0. Since 0 < Q 2 1, this con- 
tradicts the inequality / Tx(t)l > I Tl(t)J, t E cl 0. 
Recalling again that x cannot be a constant on any non-empty open subset of 
0 we can conclude that 
(*) c10,Uc10” =clO. 
We will prove next that the set cl 0 is zero-dimensional. Because cl 0 is 
compact it is enough to prove that for each t in cl 0 the component of con- 
nectedness C(t) oft is a singleton. Assume, contrary to our claim, that for some 
t the set C(t) consists of more than one point. Then we can find points 
tl, t2 E C(t) and an element y E X such that y(ti) = 1 and y(t2) = 0. 
Recall that I( > I( f or eachp E cl 0. According to our proof of 
a generalization of the McPolin-Wickstead Theorem (see [4, Theorem 5.11) we 
can find elements x,, E X such that Ix, ( < 1 /n on cl 0 while /TX, I > n on cl 0. 
We will fix any n satisfying 
If we let y, = y + x,, then the previous inequality implies immediately that for 
each p E cl 0 we have 
(**) ITY&)I 2 ITx,cP)l - ITy(P)I 2 n - p~~~lT~(P)l 2 ,y;; lW-~)l + 1. 
Fix also an arbitrary cy E A such that 0 < (Y < 1 and consider the sets 
V, = {t E 0 : y,(t) < a} and I’/” = {t E 0 : y,,(t) > a}. 
We will prove first that cl V, n cl I/” = 0. Indeed, ifs E cl V, n cl V/“, then re- 
peating verbatim the argument used above when we proved that 
cl 0, n cl 0” = fzr we obtain that Ty,(s) = ~yTl(s), a contradiction to (A*). 
Next we prove that cl V, u cl Va = cl 0. Indeed, otherwise y, = cy on a non- 
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empty open subset G C cl 0 and, because T is band preserving, Ty,, G aT1 on 
G, again a contradiction to (**). 
In other words we have shown that V, and V” are two disjoint clopen subsets 
of cl 0. Since ti E V” and t2 E V, this leads to a contradiction to our assump- 
tion that C(t) is connected. 
This proves that the set cl 0 is zero-dimensional. Replacing, if necessary, this 
set cl 0 by any of its non-empty clopen subset we can assume without loss of 
generality that the set cl 0 itself is clopen. 
For each Q E A let E, = cl 0,. We claim that {Ea}a~d is a desired clopen 
zero-dimensional resolution of A in K. We will verify Property (b) of 
Definition 5.6 (the validity of all other properties has been in effect established 
in the process of producing the sets E,). To this end pick arbitrary a, ,B E A with 
(Y < p. There are two possibilities. Either there exists a point y E A such that 
(Y < y < 0, or such a point does not exist. In the former case cl 0, $ cl 00. In- 
deed, if t E cl 0 and x(t) = y, then clearly t E 0~ \ cl 0,. 
Finally, in the latter case the points (Y and p are the left and the right end of an 
interval in [0, l] \ A. We claim that in this case cl 0, = cl 0,. Indeed, it is en- 
ough to prove that 0~ 2 cl 0,; but if t E 0~ then x(t) < p and therefore 
x(t) 5 (Y. Now notice that in view of (*) and of the implication 
x(s) > Q + x(s) 2 /? we have the equality {t E cl 0 : x(t) 5 a} = cl 0,. 
The validity of the implication (2) + (1) follows immediately if we identify in 
A each pair of points o and /3 for which (o, p) c [0, l] \ A. 0 
Corollary 5.9. Let X E X(K), where K is a compact Hausdorflspace satisfying 
any one of the following conditions. 
1. K is metrizable. 
2. K is connected. 
3. K is ZocaZZy connected. 
Then each band preserving operator T: X -+ X is regular. 
Remark 5.10. The inspection of the proof of Theorem 5.8 shows that the fol- 
lowing statement is true. Let X be an arbitrary vector lattice such that there exists 
a non-regular bandpreserving operator T: X + X. Then there is a principal ideal 
X0 in X such that its Krein-Kakutani space K(Xo) has a clopen zero-dimensional 
resolution of [0, 11. This implies that the conclusion of the previous corollary 
remains true for every vector sublattice X of C(K). Moreover, being regular 
each band preserving operator T: X -+ X admits a multiplicative representa- 
tion. 
Corollary 5.11. Let K = Q x [0, 11, where Q is an extremally disconnected com- 
pact Hausdorflspace without isolated points and such that d-dim(C(Q) > 1 vor 
instance, Q is the absolute of [0, l] or the Stone space of L1 [0, 11). Suppose also that 
X is an arbitrary vector sublattice of C(K) containing the constants and separat- 
ing the points of K. Then each band preserving operator T: X 4 X is regular. The 
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conclusion does not hold in general if we do not require that X separate the points 
ofK. 
Proof. It is well known that the compact space K does not have non-trivial 
zero-dimensional clopen subsets. This establishes the first statement in view of 
Theorem 5.8. 
To prove the second statement note that Theorem 5.1 guarantees that the 
vector lattice C(Q) carries a non-regular band preserving operator. It remains 
to notice that C(K) contains a vector sublattice X isomorphic to C(Q), speci- 
fically, we can take for X the vector sublattice of all functions in C(K) which 
depend on the first coordinate only. 0 
Remark 5.12. There is a close similarity between the arguments in the proofs of 
Theorems 3.3 and 5.8. This is not accidental. As a matter of fact one can prove 
Theorem 3.3 using Theorem 5.8. To this end observe that if T: X --+ X is a band 
preserving operator and T-’ is not band preserving, then T cannot be regular. 
This leads to the existence of a clopen zero-dimensional subset in the Krein- 
Kakutani space of some principal ideal in X and this, in its turn, can be used to 
get a final contradiction. We have preferred to separate the proofs to make them 
independent and more transparent. 
5.13. For each band preserving operator T: X --) X on a vector lattice we de- 
note by Xrr the maximal ideal of regularity of the operator T, that is, the max- 
imal (with respect to the inclusion) ideal in X such that the restriction of T to 
this ideal is a regular operator. It is shown by de Pagter [18] that X,.r is a band in 
X. Also, we denote by &- the band of anti-regularity of T, that is, 
&T = {&T}dd. 
The Luxembourg-McPolin-Wickstead theorem [17], [4, Theorem 2,7] states 
that if T is a non-regular band preserving operator on an (r,)-complete vector 
lattice, then the band XaT contains a non-trivial atomless universally a-com- 
plete projection band. This theorem leads one naturally to ask whether some 
good projection properties can be claimed for the band &r in the absence of 
the (r,)-completeness. To be more precise we are interested in the following 
question. Let X have a strong unit and let T: X + X be a non-regular band 
preserving operator. Is it true that 
i) The band xar must be a projection band? 
ii) The band xar must have the principal projection property? 
iii) The set cl Oar must be zero-dimensional, where 0,~ denotes the cano- 
nically open subset of K(X) corresponding to the band &? 
In a sharp contrast to the Luxembourg-McPolin-Wickstead theorem the 
next example answers all three questions in the negative. 
Example 5.14. There exists a vector lattice X with a strong unit thatfails the three 
properties i), ii) and iii) above. 
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Proof. Let X be the vector space of all functions on the unit square 
S = [0, l] x [0, l] satisfying the following properties: 
(1) For each f E X there is E > 0 such that f is continuous on 
[; - E, l] x [O, 11. 
(2) For each f E X there is a finite number of open subsets {Ok}~=i of 
[O,$ x [0, l] and some scalars ak, bk, ck E [w such that l_li=, 0, is dense in 
[O,;] x [0, l] and 
f (S, t) = aks + b/J + ck for (S, t) E ok. 
(3) For each f E X there is S > 0 such that if ok n ([i - S, l] x [0, 11) # @, 
then Ck = 0. 
We identify the functions which coincide on a dense open subset of S. With 
the standard pointwise operations X is a vector space. Clearly, for each f E X 
the function ) f 1 also belongs to X and therefore X is a vector lattice. We define a 
linear operator T on X in the following way. 
(Tf)@, t) = { (‘T 1/2)f (‘, t, ifs > 1/2 
ck lf S < 1/2 and f (s, t) = aks + b/J + ck 
We omit a straightforward verification that the operator T is band preser- 
ving and that 
xrr = {f E x : {t:f (t) # 0) c [l/2,1] x [O, 11). 
Hence 
Xar = {Xur>dd = {f E x : {t:f(t) # O} c [O, l/2] x [O, 11). 
Because every function from X is continuous in some neighborhood of the 
vertical line s = i, it follows that XOr is not a projection band and Xar does not 
have the principal projection property either. It can be shown that the set cl 0,~ 
contains a closed subset homeomorphic to [0, 11, and this proves that cl 0,~ 
cannot be zero-dimensional. Cl 
Though in the previous example the band Xar does not have the principal 
projection property, it contains a full system of bands satisfying this property. 
Specifically, the bands B, = {f E X : {t:f (t) # 0) C [O,i - C] x [0, 11) have the 
principal projection property for any t > 0. Our final example shows that in 
general even this property may fail. 
Example 5.15. There exists a vector lattice X and a band preserving projection 
P : X + X such that 
(1) X is a normed lattice. 
(2) d-dim (X) = 2. 
(3) The band of regularity of P is trivial, that is, X,, = {0}, and so the band of 
anti-regularity Xap = X. 
(4) No non-trivial band in X has the principalprojection property. 
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Proof. We will say that a function f defined on a dense open subset of [0, 11, 
depending onf, belongs to X if the following three conditions hold: 
l There exists a family of pairwise disjoint open intervals (t,, s,) c [0, l] and 
scalars a,, b, E R such that the set F = [0, I] \ lJ,“= , (tn, s,) is at most countable 
andf(t) = ant + b, for t E (tn,s,,). 
l For each isolated point ‘i-k of the set F we denote by ( tPk, spk) and ( ty, , sqk) 
those two open intervals in { (tn, s,)} for which [t,, , spk] n [t,, , syk] = {Q}. We 
require that xk ( Iu,,~ - a,( + lb,, - bqkl) < m, where the sum is taken over the 
set of all isolated points in F. 
l sup{If(t)l : t E u,“=i (&I,&)> < 00. 
Clearly for eachf E X the function If] also belongs to X, whence X is a vec- 
tor lattice. From the definition of X it follows that X equipped with the uniform 
norm becomes a normed lattice and that d-dim (X) = 2. We define a band pre- 
serving projection P on X by the formula 
(Pf)(t) = b, if t E (tn,s,). 
It can be readily seen that Xrp = (0). 
Let nowf be an arbitrary non-zero element of X and let (c, d) be an interval 
such that for t E (c,d) we havef(t) = at + b and ]a] + Ibl # 0. Fix an arbitrary 
point to E (c, d) and then find a family (c,, d,), n E N, of open subintervals of 
(c, d) such that the closed intervals [c,, d,] are pairwise disjoint and belong to 
(c, d), and also lim, c, = lim, d,, = to. If we let 
g(t) = 
i 
lln2, t E (cn,4) 
0, otherwise 
then g E X, the set E = {t:g(t) # 0} equals U,“= , (c,,, d,), but XE @ X. This im- 
plies that no non-trivial band in X can have the principal projection proper- 
ty. 0 
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